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Abstract. Accurate calibration of the Heston model is essential for reliable op-
tion pricing, yet it remains a challenging task due to the nonlinear structure of the
model and the presence of multiple conflicting objectives. Most existing ap-
proaches rely on single-objective formulations that focus solely on price fitting,
which may lead to suboptimal overall performance. To address this issue, this
paper proposes a multi-objective genetic algorithm framework for Heston model
calibration, in which option price errors and implied volatility errors are jointly
optimized. The resulting bi-objective optimization problem is solved using two
representative evolutionary algorithms, namely NSGA-II and NRGA. This for-
mulation enables an explicit characterization of the trade-off between pricing ac-
curacy and volatility fitting. Extensive experiments are conducted using real op-
tion data from SSE 50ETF and S&P 500 markets, as well as Monte Carlo simu-
lations. The results show that both NSGA-II and NRGA produce consistent and
comparable parameter estimates. Compared with conventional single-objective
methods, the proposed framework leads to improved pricing accuracy and more
stable calibration results. Simulation studies further confirm the robustness of the
proposed approach under different noise conditions.

Keywords: Heston Model, Multi-objective Optimization, Genetic Algorithm,
NSGA-II, NRGA, Option Pricing, Implied Volatility.

1 Introduction

Options play a key role in modern financial markets, particularly in risk management
and asset allocation. The accuracy of option pricing is therefore a fundamental issue in
both academic research and practical applications. The Black—Scholes (BS) model [1]
provides a classical framework; however, its assumption of constant volatility fails to
capture empirical features such as volatility smiles and skews. To address this limita-
tion, stochastic volatility models have been developed, among which the Heston model
[2] is one of the most widely adopted. In the Heston framework, volatility is modeled
as a mean-reverting stochastic process, thereby enabling the model to capture important
stylized facts of asset returns while maintaining analytical tractability.



Despite its theoretical appeal, the practical performance of the Heston model de-
pends critically on the accurate calibration of its parameters. This calibration problem
is well known to be challenging due to the nonlinearity of the pricing function and the
presence of multiple local optima [2-3]. To address these challenges, a range of cali-
bration methods has been developed in literature. These approaches can broadly be di-
vided into two categories: gradient-based methods (e.g., [1], [4-6]) and metaheuristic
optimization techniques (e.g., [7-10]). Among these methods, gradient-based methods
may suffer from slow convergence and sensitivity to local optima, particularly in high-
dimensional or non-convex settings. By contrast, metaheuristic approaches, such as the
genetic algorithm (GA) introduced by [11], provide more flexible global search capa-
bilities and are less dependent on initial values, thereby making them suitable for com-
plex optimization landscapes. A growing body of evidence suggests that GA-based cal-
ibration can improve both estimation accuracy and computational efficiency in the
Heston framework (e.g., [8], [12-13]).

Nevertheless, most existing studies formulate the calibration problem as a single-
objective optimization task, typically focusing on minimizing pricing errors alone [14-
16]. While such formulations can achieve satisfactory fits in terms of option prices,
they may overlook relevant information contained in other performance measures [17].
These limitations motivate the need for multi-objective formulations, as many decision
problems involve multiple competing criteria that cannot be adequately represented
within a single-objective framework [18-20].

This issue is particularly pronounced in the context of option pricing. Minimizing
discrepancies between model-implied and observed prices does not necessarily ensure
an accurate representation of the implied volatility surface. This observation suggests
incorporating implied volatility as a complementary calibration target. As emphasized
by [21], implied volatility plays a significant role in option valuation. Similarly, [22]
proposes calibration approaches that explicitly account for the implied volatility sur-
face. Taken together, these findings suggest a multi-objective formulation of the cali-
bration problem that jointly incorporates both price and implied volatility information.
Multi-objective genetic algorithms provide an effective computational framework for
solving such problems. Since the seminal work of [23], extensive research has advanced
their development, including [24-26].

In this study, we formulate the calibration of the Heston model as a bi-objective
optimization problem, in which pricing errors and implied volatility errors are treated
as separate objectives, allowing the trade-offs between these two dimensions to be ex-
plicitly characterized. To solve this problem, we employ evolutionary algorithms, spe-
cifically the Non-dominated Sorting Genetic Algorithm Il (NSGA-II) in [27] and the
Non-dominated Ranked Genetic Algorithm (NRGA) in [28], both of which are based
on Pareto dominance and ranking principles. While these algorithms have been widely
applied in general optimization settings, their use in option pricing model calibration
remains relatively limited.

The proposed framework is applied to option data from the SSE 50ETF and S&P
500 markets to assess its empirical performance. The results indicate that both NSGA-
I1 and NRGA produce broadly consistent parameter estimates. Compared with conven-
tional single-objective approaches, the multi-objective framework improves pricing
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accuracy. A Monte Carlo simulation study further supports the robustness of the pro-
posed multi-objective framework.

The main contributions of this study are threefold. First, we develop a multi-ob-
jective calibration framework for the Heston model that reformulates parameter esti-
mation as a multi-objective optimization problem. Second, we jointly incorporate op-
tion price errors and implied volatility errors as calibration objectives, thereby explic-
itly capturing the trade-off between price fitting and volatility fitting within a unified
framework and overcoming the limitations of conventional single-objective ap-
proaches. Third, we implement the framework using NSGA-Il and NRGA and demon-
strate its effectiveness through empirical analysis based on option data from both de-
veloped and emerging markets, as well as simulation experiments. The results indicate
that the proposed framework delivers stable, consistent, and robust pricing perfor-
mance, with improvements relative to standard single-objective calibration methods.

The remainder of this paper is organized as follows. Section 2 presents the problem
formulation of the Heston model. Section 3 describes the proposed multi-objective ge-
netic algorithm framework. Section 4 reports experimental results based on real market
data and simulation studies. Section 5 concludes the paper.

2 Problem Formulation

This section introduces the Heston model and formulates its multi-objective extension.
The notation used throughout the paper is defined as follows. Let x denote the speed of
mean reversion, 8 the long-term variance, o the volatility of volatility, p the correla-
tion between two Brownian motions, V, the initial value of instantaneous variance, and
A the market price of volatility risk.

2.1 Heston Option Pricing Model

The Heston model [2] describes the dynamics of the underlying stock price S; through
the stochastic diffusion process:

dS, = uS.dt + \/V,S,dW¢, (1)
where y is the drift rate, V, denotes the instantaneous variance, and W is a standard
Brownian motion. The variance process V, follows a Cox-Ingersoll-Ross (CIR) process
[29]:

dV; = k(6 — V,)dt + o0.[V,dWZ2, (2)
where k > 0, 8 > 0, and ¢ > 0, and W2 is another standard Brownian motion satisfy-
ing dW2dW? = pdt.

Under the standard no-arbitrage principle [1], the price of a derivative contingent
on S and V satisfies the partial differential equation (PDE):
a%U U 1, 9%U au
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where r is the risk-free interest rate, and A(S, V, t) is the market price of volatility risk.
For a European call option written on the underlying asset S at time ¢, the option price
C(S,V,t) satisfies the PDE given in Equation (3).

Given the unobservable nature of the market price of volatility risk 1(S,V, t), the
Heston model posits a proportional relationship to volatility, such that A(S,V,t) = AV,
where A is a constant scaling factor. Under this assumption and in the absence of divi-
dends, the European call option price C(S,V,t) can be expressed by a closed-form ex-
pression, i.e.,

C(S,V,t) =SP, — Ke "T-9p,, (4)
where K is the strike price, T is the maturity date, P; and P, are the adjusted risk-neu-
tral probability, and the standard risk-neutral probability, respectively. The correspond-
ing European put option price follows directly from the put-call parity:

P(S,V,t) = C(S,V,t) + Ke 70 — 5, (5)

The probabilities P; and P, are obtained via the characteristic function approach
combined with an inverse Fourier transform [30]:

pj _ % N %f;w Re e Luln(K)‘fj(S,V,T,u) du, ] =12, (6)
where i is the imaginary unit, Re[-] extracts the real part, and f; is the characteristic
function of x = In(S) under the respective measure, given by:

fj(S: V,T, u) — e—iuX+Cj(‘r,u)+Dj(‘[,u)V’ (7)
wheret =T —t, and
1-— gjedff)
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by =k+A—po,and b, =k + 1.

The Heston model involves six parameters 2 = {x, 6, g, p,V,, A}. Setting 1 =0
under the risk-neutral measure reduces the parameter vector to {x, 8, o, p, v(0)}. Since
the put-call parity ensures that European call and put options convey equivalent pricing
information, this study focuses on European call options and conducts all calibration
and pricing analyses under the five-parameter specification.

2.2 Multi-Obijective Calibration Formulation

Consider a decision-maker who seeks to optimize K non-commensurable objective
functions in the absence of an explicit preference structure among them. Without loss
of generality, all objectives are formulated as minimization problems since any
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maximization objective can be converted into an equivalent minimization form by mul-
tiplying it by -1. According to [31], the multi-objective optimization problem is stated
as:
min(f; (%), (%), -+, i %)), (8)
subjectox € S,
where x denotes the decision vector, f;(x) represents the ith objective function for i =
1,---,K, and S is the feasible search space.

Within this general framework, the calibration of the Heston model can be viewed
as a special case involving multiple competing criteria. Heston calibration requires bal-
ancing several aspects of model performance, including pricing accuracy, implied vol-
atility consistency, and related market characteristics. These criteria are typically non-
commensurable and cannot be adequately summarized by a single performance meas-
ure, which motivates a multi-objective formulation of the calibration problem.

In empirical option pricing, pricing accuracy [14] and implied volatility fitting ac-
curacy [22] are widely regarded as the two most informative and economically relevant
evaluation dimensions. Accordingly, this study concentrates on a bi-objective formula-
tion of the Heston model calibration problem (K = 2), in which the objective func-
tions correspond to pricing errors and implied volatility errors, respectively.

(1) Objective 1: Minimization of the weighted squared pricing error

Following [14], the first objective targets the minimization of the discrepancy be-
tween model-implied option prices and observed market prices, thereby offering a di-
rect measure of pricing accuracy. Let N denote the sample size, and let €7 (Q) and ¢}
represent the model-implied and market-observed prices of the i-th option, respec-

tively. The objective function is defined as
N

fi@ = T wch@ -2, ©)

where w; denote weight assigned to the i-th option.
(2) Objective 2: Minimization of the weighted squared implied volatility error

Implied volatility plays a crucial role in option pricing and risk management [32].
In addition to pricing accuracy, it is essential to consider how well a model captures the
implied volatility surface, as this provides further insights into market dynamics. This
study thus integrates implied volatility as a second calibration objective to complement

price-based fitting. The corresponding objective function is defined as:

f() = X, w;(IVF(Q) — VMY, (10)

where IV (Q) denotes the model-implied volatility for the i-th option, and IV signi-
fies the implied volatility inferred from market option prices via calculation with the
MATLAB function blsimpv.



In both objective function f; and £, the choice of weights w; plays a crucial role
in the calibration process. Following [7], this study adopts an ask-bid spread-based

weighting scheme, i.e., w; = Task—bid] where the ask-bid spread ask; — bid; reflects

the discrepancy between buyers and sellers. This weighting scheme assigns greater im-
portance to more liquid option contracts with narrower bid-ask spreads.

3 Methodology

3.1 Multi-objective Genetic Algorithm

The multi-objective genetic algorithm constitutes a class of population-based stochastic
search methods that have been widely employed in evolutionary computation. Under
the inspiration of the principles of natural selection, the multi-objective genetic algo-
rithm explores the solution space through the iterative application of genetic operators
such as selection, crossover, mutation, and elitism. The overall procedure of the multi-
objective genetic algorithm implemented in this study is illustrated in Fig. 1.

Step 0: Initialization

Binary tournament
selection

Step 1: Evaluation

Step 7: User

Selection

Step 6: Termination

Fig. 1. The flowchart of multi-objective genetic algorithm via NSGA-I1 and NRGA.

As illustrated, the multi-objective genetic algorithm consists of initialization, evalua-
tion, selection, crossover, mutation, elitism strategy, and termination. Unlike a conven-
tional single-objective genetic algorithm, which optimizes only one objective function,
a multi-objective genetic algorithm seeks a set of trade-off solutions that represent dif-
ferent compromises among competing objectives. To accommodate multiple objec-
tives, the multi-objective framework incorporates Pareto-based ranking mechanisms
and diversity preservation techniques, as illustrated by the yellow dashed box in Fig. 1.
In this extension, the evolutionary process, particularly the selection stage (Step 2), is
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adapted to evaluate and propagate solutions based on their relative performance across

multiple objectives, rather than a single scalar fitness measure. Further details regarding

the implementation of each step are summarized below.

Step O (Initialization): An initial set of candidate solutions is generated randomly
within the predefined parameter bounds. Each chromosome encodes a complete
parameter vector Q = (x, 8, g, p, V,), where each gene corresponds to one param-
eter of the Heston option pricing model. Gene values are real-valued and con-
strained within admissible ranges, so that each chromosome represents a feasible
parameter configuration.

Step 1 (Evaluation): Each candidate solution is evaluated according to performance
measures. The resulting objective values are used to assess solution quality and to
construct a provisional set of non-dominated solutions.

Step 2 (Selection): Each solution is evaluated using the objective functions, and indi-
viduals are ranked based on Pareto dominance and associated ranking mechanisms
in NSGA-II and NRGA. Based on this ranking, individuals are selected to form a
mating pool, with preference given to higher-quality solutions.

Step 3 (Crossover): Crossover is applied to pairs of parent solutions with probability

pe = 0.9, whereby the resulting offspring inherit characteristics from both parents.
This mechanism improves global exploration of the search space.

Step 4 (Mutation): Each gene in the offspring population is subject to mutation with
probability p,,, = 0.1 [15]. By introducing random perturbations, the mutation op-
erator increases local search capability and helps maintain population diversity.

Step 5 (Elitism strategy): To construct the next generation, parent and offspring pop-
ulations are merged, and the best individuals are selected according to non-domi-
nated sorting and diversity criteria until the population size is restored. This elitist
replacement strategy ensures the preservation of high-quality solutions.

Step 6 (Iteration Termination): The evolutionary process continues until a stopping
criterion is met. In this study, the algorithm terminates upon reaching a maximum
number of generations, denoted by MAXGEN = 200.

Step 7 (User Selection): Upon termination, the non-dominated solutions on the first
Pareto front are returned, representing different trade-offs among the competing
objectives and serving as candidate parameter estimates for subsequent analysis.

3.2 Evolutionary Algorithms

3.2.1 NSGA-II

NSGA-II [27] is one of the most widely used and effective methods. The name NSGA-
11 refers to the incorporation of two key operators into the genetic algorithm framework
for solution ranking, namely fast non-dominated sorting and crowding distance. Gen-
erally, NSGA-II uses binary tournament selection technique for selecting each parent,
and then two random solutions are picked up. An individual with a lower front rank



will be chosen. In the case that both solutions come from the same front, the one with
a higher crowding distance is the winner.

3.2.2 NRGA

NRGA [28] is a population-based multi-objective genetic algorithm capable of address-
ing nonconvex, nonlinear, and discrete optimization problems. It integrates a Pareto-
based population ranking scheme with a ranked-based roulette wheel selection mecha-
nism as its core. In NRGA, each individual is first assigned to a non-dominated front,
and its relative position within the front is determined according to the crowding dis-
tance measure. Selection proceeds by first identifying the appropriate non-dominated
front and then choosing individuals within that front based on their ranking information.
This mechanism ensures that both convergence toward the Pareto front and diversity
among solutions are maintained during the evolutionary process.

Compared with NSGA-11, NRGA differs primarily in its selection strategy and the
procedure used to rank and select individuals for the next generation. Specifically,
NRGA replaces the crowded tournament selection operator adopted in NSGA-II with
a ranked-based roulette wheel selection (RRWS) scheme [33]. Under this strategy, in-
dividuals with superior fitness receive higher selection probabilities, thereby increasing
their likelihood of contributing to the next generation.

3.3 Algorithm Performance Metrics

To quantitatively compare the performance of the NSGA-II and NRGA algorithms in
solving the proposed multi-objective optimization problem, four algorithm-level per-
formance metrics are considered.
(1) Number of Non-Dominated Solutions

The number of non-dominated solutions (NNS) refers to the cardinality of the Pa-
reto-optimal front. A larger number of non-dominated solutions indicate higher solution
diversity and stronger exploration capability of the algorithm.
(2) Mean Ideal Distance

The mean ideal distance (MID) measures the average distance between the Pareto-
optimal solutions and the ideal point. A smaller MID value implies better convergence
performance, as the solutions obtained are, on average, closer to the ideal point [34].

The MID is defined as MID = % ™ . D;, where D; denotes the distance between solu-

tion i and the ideal point of solutions, and n is the number of solutions in the Pareto-
optimal front. Lower MID values indicate superior solution quality.
(3) Spacing Metric

The spacing metric (SM) evaluates the uniformity of non-dominated points in so-
lution space. This index is calculated based on the formulation proposed by [35] and is
Lid-dl

given by SM = o Dd

where d; denotes the distance between two consecutive
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solutions on the Pareto-optimal front, d is the average of all d;, and n is the number of
solutions. A smaller SM value indicates a more evenly distributed Pareto front.
(4) Diversity Metric

The diversity metric (DM), originally proposed by [36], measures the overall
spread of solutions along the Pareto front. A higher DM value indicates better disper-
sion and broader coverage of the objective space. The index is defined as DM =

f Z?’:l d;, where d} = max {Z:zl(f,,il - f,,’;)z}, f.Lrepresents the value of the m-th
objective function for solution i, M is the number of objectives, and N is the number of
Pareto-optimal solutions.

4 Experimental Analysis

This section applies the multi-objective genetic algorithm to calibrate the Heston model
in both SSE 50ETF and S&P 500 option markets, and then evaluates its pricing perfor-
mance across developing and developed market environments. Additionally, the mod-
el's robustness is further verified through simulation experiment.

The option data are preprocessed as follows to ensure the reliability of the empir-
ical analysis. First, option contracts with zero trading volume are excluded. Second,
call options that violate the no-arbitrage condition are removed. Specifically, options
that do not satisfy €, > max(S; — Ke™"7=9,0) are removed from the sample.

To evaluate the effectiveness of the proposed framework, its pricing performance
is compared with several benchmark methods. These benchmarks include Nonlinear
Least Squares (NLS), Simulated Annealing (SA) [7], conventional GA [15], random
sequence Monte Carlo (MC), dual-variable Monte Carlo (DVMC), and control variable
Monte Carlo (CVMC). For the Monte Carlo-based approaches, simulations are con-
ducted using 1,000 and 10,000 iterations, respectively. All benchmark methods are im-
plemented under a single-objective optimization setting. That is, option price accuracy
is used as the objective function when evaluating pricing performance, while implied
volatility accuracy is used when assessing volatility fitting performance.

The performance of each scheme is assessed using the root mean squared error
(RMSE) and mean absolute error (MAE), which are defined as

1 ~ 1 ~
RMSE = |-XX,( — y)? MAE = - ¥iL19: — yil,

where ¥; and y; represent the model-predicted and market-observed option prices, re-
spectively, and N is the number of observations.

4.1 Experimental Results

4.1.1 SSE 50ETF Options



We first investigate the performance of the proposed calibration framework in the SSE
50ETF option market. Option data observed on May 12, 2025, are used for parameter
calibration, and the estimated parameters are subsequently applied to price options ob-
served on July 7, 2025. The sample consists of contracts with expiration dates of May
28, June 25, and September 24, 2025, and strike prices (in yuan) ranging from 2.35 to
3.23. On May 12, 2025, the SSE 50ETF closed at 2.76 yuan, and the three-month
SHIBOR of 0.01672 is adopted as the risk-free interest rate [13]. All data are sourced
from the Bloomberg database.

The NSGA-II and NRGA algorithms are implemented under identical experi-
mental settings, and the corresponding results are reported in Table 1. The results indi-
cate that the two algorithms exhibit broadly comparable performance in the calibration
of the Heston model for the SSE 50ETF option market. NRGA achieves negligibly
lower values of MID and SM, which implies marginally stronger convergence accu-
racy, whereas NSGA-II produces insignificantly higher values of NNS and DM, which
indicates a larger set of non-dominated solutions and relatively better diversity. Given
the comparable performance of the two methods, the subsequent analysis is based on
calibration results from both approaches.

Table 1 Algorithm performance from both NSGA-II and NRGA for SSE 50ETF.

Algorithm NNS MID SM DM
NSGA-II 97 40.714866 0.171019 13.231551
NRGA 95 40.260687 0.105688 12.475561

Fig. 2 presents the Pareto front obtained using both NSGA-I1 and NRGA, illustrating
the inherent trade-off between pricing error and implied volatility error. The monotonic
shape of the Pareto front reflects a stable conflict between the two objectives, such that
improvements in one dimension are accompanied by deteriorations in the other.
TOPSIS [37] with equal weights [38] is then applied to select the best compromise
parameter vector, and the resulting estimates are reported in Table 2.

52 Pareto Front -~ Pareto Front
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Fig. 2. Pareto fronts for the SSE 50ETF. Panels (a) and (b) show the Pareto front obtained by
NSGA-II and NRGA, respectively.
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Table 2 Parameters estimates for SSE S0ETF based on NSGA-II and NRGA.

K 6 g p Vo
NSGA-II 6.87668 0.01345 0.42978 0.59962 0.01614
NRGA 8.23312 0.01349 0.47120 0.60618 0.01624

Using the calibrated parameters, option prices on the SSE 50ETF are evaluated for the
out-of-sample date of July 7, 2025. On that date, the index level is 2.83 yuan, and the
three-month SHIBOR is 0.01579. The corresponding times to maturity are T = 0.063,
0.202, and 0.675. Fig. 3 shows the model-predicted prices with the observed market
closing prices across different strike levels for the three maturities.

0.35 T T T u 0.35
® ®  Market (T=0.063) ©  Market (T=0.06)
0.3 Q  Heston (T=0.063) 0.3 Q  Heston (T=0.06)
®  Market (T=0.202) ®  Market (T=0.20)
0.25 {  Heston (T=0.202) 0.25 O Heston (T=0.20)
o ™ ¥ Market (T=0.675) o ©  Market (T=0.67)
o Heston (T=0.675) o Heston (T=0.67)
T 02 ~ = 02
o c
S 015 g= 2015 e
2 : 8 )
O 01 8 v 0.1 g
¢ » 6
0.05 8 g 8 o : 0.05 e g 2
0 8 ¢ 2 h 0 i u
25 26 2.7 2.8 2.9 3 31 25 26 27 28 29 3 31
Strike Price Strike Price
() NSGA-I (b) NRGA

Fig. 3. Option pricing results for SSE 50 ETF options on July 7, 2025. Note: Circles denote the
true option price, and thombuses denote the predicted values of the option price obtained by the
calibrated parameters. The x-axis is the strike price, and the y-axis denotes the option price.
Panel (a) and (b) show results based on NSGA-II and NRGA, respectively.

The pricing results demonstrate a high degree of consistency between the model-im-
plied prices and the observed market prices across all strike levels. This consistency
holds for short-, medium-, and long-maturity options, indicating that the calibrated
model effectively captures the term structure of option prices. To further assess the
performance of the proposed framework, these results are compared against those from
several single-objective benchmark methods, as summarized in Table 3.

Table 3 Comparison results of RMSE and MAE for SSE SO0ETF.

Methods RMSE MAE
Monte Carlo Simulations Price v Price 1\

MC 1000 0.00649 0.01710 0.00567 0.01463
10000 0.00560 0.01659 0.00487 0.01384
DVMC 1000 0.00519 0.01642 0.00454 0.01306
10000 0.00481 0.01585 0.00412 0.01252
CVMC 1000 0.00526 0.01602 0.00434 0.01252
10000 0.00475 0.01584 0.00413 0.01259
NLS 0.07554 0.04036 0.06532 0.03545
SA 0.00563 0.02886 0.00480 0.02153

GA 0.00517 0.02888 0.00439 0.02208



NSGA-II 0.00463 0.01594 0.00383 0.01222
NRGA 0.00471 0.01563 0.00406 0.01221
Note: The minimum values are in bold.

The findings show that the proposed multi-objective framework achieves improved
pricing accuracy relative to single-objective approaches. For example, RMSE values
for option prices and implied volatility are generally lower under the multi-objective
framework than those obtained from the benchmark single-objective methods. Given
that NRGA and NSGA-II exhibit comparable performance in parameter calibration,
their pricing results are also closely aligned, further indicating that the observed im-
provements are attributable to the multi-objective formulation rather than the specific
choice of evolutionary algorithm. These results highlight the limitations of single-ob-
jective calibration, where improvements in one criterion often come at the expense of
others. By contrast, the proposed multi-objective framework achieves a more balanced
fit, reducing implied volatility errors while maintaining pricing accuracy.

4.1.2 S&P 500 Options
We next assess the performance of the proposed calibration framework in the S&P 500
option market. Options observed on March 12, 2024 are used for in-sample parameter
calibration, while contracts recorded on May 7, 2024 serve as the out-of-sample pricing
evaluation set. The dataset includes options with maturities on March 22, May 17, and
June 21, 2024, and strike prices ranging from 5110 to 5480 index points in increments
of 5. On March 12, 2024, the S&P 500 index closed at 5175.27, with the U.S. Treasury
constant maturity yield standing at 0.0548. All data are sourced from the Bloomberg
database, and contracts with zero trading volume are excluded.

Both NSGA-II and NRGA are applied to the S&P 500 index. As reported in Table
4, the two algorithms produce comparable outcomes, indicating that the results are ro-
bust to the choice of optimization method.

Table 4 Algorithm performance from both NSGA-II and NRGA for S&P 500.

Algorithm NNS MID SM DM
NSGA-II 100 362.797766 1.342717 68.511819
NRGA 100 216.543478 0.163235 23.387757

Fig. 4 presents the Pareto front obtained from both methods, revealing a trade-off be-
tween pricing errors and implied volatility errors consistent with that observed in Fig.
2. The TOPSIS-based compromise parameter estimates selected for pricing analysis are
reported in Table 5.
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Table 5 Parameters estimates for S&P 500 based on NSGA-II and NRGA.

K 6 o p Vo
NSGA-II 4.20616 0.00352 0.05707 0.12819 0.01032
NRGA 7.56641 0.00513 0.01425 0.46746 0.01053

The calibrated parameters are subsequently used to price European call options on May
7, 2024, when the S&P 500 index stood at 5187.70 and the risk-free rate was 0.0545,
covering maturities of T = 0.040, 0.290, and 0.401. As illustrated in Fig. 5, the model-
implied option prices exhibit a high degree of consistency with observed market prices.
Pricing errors remain small even at relatively high index levels and across a wide strike
range, attesting to the strong pricing accuracy of the calibrated Heston model.

200 200
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®  Market (T=0.290) QO Heston (T=0.04)
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Fig. 5. Option pricing results for S&P 500 on May 7, 2024. Note: Circles denote the true option
price, and rhombuses denote the predicted values of the option price obtained by the calibrated
parameters. The x-axis is the strike price, and the y-axis denotes the option price. Panel (a) and
(b) show results based on NSGA-11 and NRGA, respectively.

Table 6 reports the RMSE and MAE for S&P 500 options across the competing cali-
bration methods. The proposed multi-objective framework systematically outperforms



conventional single-objective approaches. Shifting from the standard GA to NRGA re-
duces price RMSE by 10.9% and volatility RMSE by 14.9%, while NSGA-I1 achieves
reductions of 7.9% and 14.7%, respectively, consistent with the gains observed under
NRGA. Collectively, these results confirm that the multi-objective approach enhances
predictive accuracy along both dimensions, further corroborating the robustness of the
empirical evidence documented in the SSE 50ETF market.

Table 6 Comparison results of RMSE and MAE for S&P 500.

Methods RMSE MAE
Monte Carlo Simulations Price v Price v

1000 5.69034 0.00997 477339  0.00774
MC 10000 4.47592 0.00886  4.16480  0.00711
1000 4.95872 0.00871  4.60323  0.00729
DVMC 10000 429819 0.00859  4.12606  0.00701
1000 425742 0.00856  4.07861  0.00697
CVMC 10000 4.18545 0.00854  4.02426  0.00692
NLS 3.84202 0.17159  3.81199  0.13995
SA 4.05623 0.00761 3.86629  0.00618
GA 4.06668 0.00763  3.89715  0.00602
NSGA-II 3.76853 0.00665  3.54649  0.00563
NRGA 3.66557  0.00664  3.54548  0.00564

Note: The minimum values are in bold.

4.3 Simulation Study

In this section, a Monte Carlo simulation study is conducted to further assess the ro-
bustness of the proposed calibration framework. The initial underlying asset price is set
to S, = 2.8, and the risk-free interest rate is fixed at r = 0.025. Option maturities T
correspond to 20, 40, 60, 80, and 100 calendar days. For each maturity, strike prices K
are obtained by inverting target delta values of 0.10, 0.25, 0.50, 0.75, and 0.90 under
the Black-Scholes model. The true Heston parameters are set to (x,0,0,p,V,) =
(6.0,0.02,0.45, 0.6, 0.02). Given these parameters, the true option price is generated
by ptr“¢ = (S,P, — Ke™"TP,)(1 + 0.01¢), where P, and P, are obtained according to
Equation (6), and ¢ represents independently and identically distributed random errors
generated from three distributions: the standard normal distribution N(0,1), the Stu-
dent’s t-distribution with five degrees of freedom t(5), and the uniform distribution on
U(—1,1). The number of simulation replications is 500. The RMSE is used as the com-
parison criterion for parameter calibration, while the ARMSE and AMAE, defined as
the average RMSE and average MAE across 500 simulation replications, are adopted
as the comparison criteria for option pricing performance.

TOPSIS with equal weights assigned to both calibration objectives is employed
within the multi-objective framework. The simulation study is conducted to evaluate
and compare the calibration performance of NSGA-1I and NRGA within the proposed
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bi-objective framework. For comparison, NLS, SA, and conventional GA are included
as single-objective benchmarks. The simulation results are reported in Tables 7 and 8.

Table 7 Results of RMSE for parameter calibration.

Method K 0 o o Vo
NSGA-II 7.2870 0.1763 0.3771 0.6303 0.0069
NRGA 7.5696 0.2111 0.3796 0.7046 0.0083
GA  Price 8.2506 0.0669 0.4956 0.8003 0.0123
N(0,1) v 7.6241 0.0999 0.4432 0.6247 0.0113
SA  Price 8.1318 0.2374 0.3062 0.8187 0.0059
v 7.6948 0.2869 0.2976 0.7895 0.0041
NLS  Price 13.5698 0.0397 0.9791 1.4975 0.0200
v 13.6176 0.0406 0.8641 1.2278 0.0455
NSGA-II 7.2166 0.1652 0.3862 0.6756 0.0072
NRGA 7.5006 0.1932 0.3735 0.6754 0.0078
GA  Price 8.4189 0.0604 0.5178 0.8143 0.0126
t(5) v 7.7691 0.0766 0.4632 0.6780 0.0119
SA  Price 7.8122 0.2454 0.2995 0.7769 0.0075
v 7.9885 0.2764 0.2953 0.7768 0.0041
NLS Price 13.5830 0.0394 0.9755 1.4974 0.0194
v 13.6879 0.0402 0.8622 1.2200 0.0455
NSGA-II 7.5328 0.1867 0.3813 0.6904 0.0071
NRGA 7.5415 0.1996 0.4069 0.6784 0.0080
GA  Price 7.4984 0.0836 0.4758 0.6655 0.0118
U(-1,1) v 8.0592 0.0712 0.7178 0.2539 0.0111
SA  Price 7.6962 0.2476 0.2955 0.8009 0.0057
v 8.0213 0.2583 0.2891 0.8272 0.0037
NLS Price 13.5726 0.0395 0.9766 1.5092 0.0188
v 13.7009 0.0424 0.8818 1.2500 0.0479

Note: The minimum values are in bold.

Table 8 Results of ARMSE and AMAE for option pricing.

Method ARMSE AMAE

Price 1\ Price 1V
NSGA-II 0.00647 0.01980 0.00318 0.01020
N(0,1) NRGA 0.00835 0.02344 0.00430 0.01311
GA 0.01186 0.03225 0.00695 0.01916
SA 0.00699 0.02096 0.00524 0.01602
NLS 0.01820 0.10556 0.01478 0.08500
NSGA-II 0.00709 0.02088 0.00344 0.01080
t(5) NRGA 0.00819 0.02241 0.00395 0.01189
GA 0.01212 0.03397 0.00704 0.02057
SA 0.00654 0.02034 0.00505 0.01558
NLS 0.01756 0.10428 0.01444 0.08369
NSGA-II 0.00706 0.02038 0.00332 0.01027
Uu(-1,1) NRGA 0.00810 0.02295 0.00402 0.01216

GA 0.01281 0.03363 0.00734 0.02029




SA 0.00633 0.01993 0.00506 0.01554

NLS 0.01660 0.10998 0.01390 0.09054

Note: The minimum values are in bold.

In terms of parameter calibration, both NSGA-Il and NRGA produce parameter esti-
mates closer to the true values across all five Heston parameters than the single-objec-
tive benchmark methods. Single-objective approaches that focus exclusively on either
pricing accuracy or implied volatility fitting tend to improve certain parameters at the
expense of others, whereas the proposed bi-objective framework yields more balanced
parameter estimates without substantially distorting individual parameters.

With respect to option pricing, NSGA-II achieves the lowest AMAE among the
competing methods, indicating strong overall pricing accuracy. Both NSGA-II and
NRGA exhibit comparable pricing performance, with only minor differences between
them. Under the heavy-tailed (Student’s t) and uniform distribution scenarios, the
ARMSE of NSGA-II are marginally higher than that of SA; however, the difference is
negligible and does not constitute an economically meaningful distinction. Overall,
both NSGA-II and NRGA demonstrate robust and stable performance across all error
distribution specifications.

In summary, the proposed multi-objective framework performs consistently well
regardless of whether NSGA-1I or NRGA is employed, and the consistency of findings
across empirical and simulated data provides convincing evidence of its robustness and
stability in both parameter calibration and option pricing.

5 Conclusion

This study addresses the parameter calibration problem of the Heston model through a
bi-objective framework integrating NSGA-11 and NRGA. By jointly minimizing option
pricing errors and implied volatility errors, the proposed approach generates a Pareto
front that explicitly characterizes the trade-off between the two competing calibration
criteria. The framework is evaluated through empirical analyses on SSE 50ETF and
S&P 500 option markets and Monte Carlo simulation experiments. The results show
that NSGA-1I and NRGA produce broadly consistent parameter estimates, achieving
greater pricing accuracy relative to conventional single-objective benchmarks. Overall,
the findings demonstrate that the bi-objective formulation offers a more effective and
robust approach to Heston model calibration.

Several directions remain for future research. First, extending the proposed frame-
work to American options and other path-dependent derivatives would broaden its prac-
tical applicability. Second, relaxing the restrictive assumptions of the standard Heston
model, for instance, by incorporating jump diffusion processes or stochastic interest
rates, may improve its capacity to capture more complex market dynamics. Third, while
this study adopts a bi-objective formulation, future work could extend the framework
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to a multi-objective setting by incorporating additional calibration criteria such as bid-
ask spread penalties or term structure fitting accuracy.
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