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Abstract. A robust adaptive tracking control approach is designed for second-
order Euler-Lagrange systems operating under dynamic uncertainties,
parameter perturbations, and external disturbances. Instead of relying on precise
nominal model information, the unknown effects are collected into a lumped
perturbation term. To deal with the state-dependent nonlinear bounding
function, an RBF neural network is employed for approximation. Meanwhile,
several adaptive laws are constructed to adjust the unknown constants linked to
the input and disturbance terms. The controller is constructed through a
backstepping procedure and further equipped with a sigma-modification
mechanism, so that discontinuous robust compensation can be avoided. The
Lyapunov-based stability proof demonstrates that the closed-loop system
maintains uniform ultimate boundedness of all signals, while the tracking errors
are driven into a small residual set. Simulation results on an underactuated
unmanned surface vehicle demonstrate accurate tracking performance, bounded
adaptive parameters, and smooth control inputs.
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1 Introduction

Euler-Lagrange (EL) models are widely used to describe second-order nonlinear
electromechanical systems, such as robotic manipulators, humanoid robots, aerospace
platforms, and marine vehicles [1-3]. Among them, unmanned surface vehicles
(USVs) have received increasing attention due to their potential applications in ocean
observation, environmental monitoring, maritime rescue, and autonomous navigation
[4,5]. However, high-accuracy trajectory tracking for USVs remains challenging
because their dynamics involve strong nonlinear coupling, underactuation, parameter
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variations, and unknown external disturbances [6-8]. In practical scenarios, the surge,
sway, and yaw motions are coupled by hydrodynamic effects, while the available
actuators cannot directly regulate all degrees of freedom [9]. In addition, inertia and
hydrodynamic coefficients are difficult to identify accurately and may vary under
different operating conditions [10,11]. Wind, waves, and currents further introduce
time-varying perturbations, which may degrade the closed-loop tracking performance
[12,13].

For EL systems and marine vehicles, numerous control schemes have been
reported in existing studies. Among them, conventional model-based controllers, such
as computed-torque and PID methods, are easy to implement, but satisfactory
performance generally requires an accurate system model [14]. Sliding-mode control
can enhance robustness against matched uncertainties through switching actions
[15,16], but the resulting chattering may excite unmodeled dynamics and increase
actuator wear [17-19]. Although boundary-layer and smoothing techniques can reduce
chattering, they often sacrifice part of the tracking accuracy [20]. Adaptive
backstepping provides a recursive design framework for strict-feedback nonlinear
systems [21,22], whereas many existing adaptive methods still require linear
parameterization or known bounds of uncertain terms, which limits their applicability
to complex USV dynamics [23, 24].

To reduce the dependence on accurate model information, neural networks and
fuzzy approximators have been incorporated into adaptive control designs. RBF
neural networks are especially attractive because of their simple structure, local
approximation ability, and convenient online update form. They have been combined
with backstepping controllers to handle nonlinear uncertainties in EL systems [25-27].
Nevertheless, many existing neural adaptive approaches still require partial prior
knowledge, such as known inertia bounds or bounded approximation structures [28].
Some methods also introduce sign-type robust terms [29], which may produce
nonsmoothed control signals. Accordingly, developing a smooth adaptive tracking
control scheme capable of simultaneously addressing model uncertainties and external
disturbances remains of practical significance.

To handle parametric uncertainties and external perturbations in second-order EL
systems, this study designs a neural-network-assisted robust adaptive backstepping
controller. The primary contributions of this paper are highlighted in the following
aspects. 1) The proposed controller does not rely on accurate nominal model
information. Instead, the state-dependent nonlinear bounding function is
approximated through an RBF neural-network-based estimator. while the residual
unknown constants are updated through online adaptive mechanisms. 2) A sigma-
modification technique is embedded in both the controller design and the adaptive
update rules, which can prevent over-adjustment of adaptive parameters and
contribute to smoother control signals. 3) A Lyapunov stability proof is established to
demonstrate that the boundedness of the closed-loop system can be guaranteed, while
the tracking errors eventually approach a small neighborhood near the equilibrium
point. 4) Numerical simulations on an underactuated USV are conducted to evaluate
the proposed scheme in terms of trajectory-tracking performance, robustness, and
chattering attenuation.
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The subsequent sections are organized as follows. In Section II, the EL system
model is established, and the tracking control problem is formulated. Section III is
devoted to the design of the proposed controller and the Lyapunov-based stability
proof. Section IV demonstrates simulation studies on the USV system. The main
conclusions are drawn in Section V.

2 Problem Formulation

2.1 System Formulation

The second-order Euler-Lagrange system is described by the following dynamic
equation:

D(p)p+V(p,p)p+G(p) +d=r, (1)

where p(t) eR" and p(t) € R™ stand for the generalized position and velocity
vectors, respectively. Moreover, D(p) € R"*" is a symmetric positive definite
inertia matrix, V(p,p) € R™*" represents the Coriolis and centrifugal matrix, and
G(p) € R™ is the gravitational vector. The term 7 € R™ denotes the control input,

while d € R” represents external disturbances with bounded norms.

By introducing the velocity state vector p(t) =w(t) , by defining the

corresponding state variables, (1) is transformed into the following state-space model:

p=v,
{«aD(pwD<p>‘(v(p,p)v+a<p>> +D(p) 4, @)

In practical operating conditions, the actual system parameters may deviate from
their nominal values due to modeling errors, parameter variations, and environmental
effects.

Let D(p) =Do(p) +AD(p) . V(p,v) =Vo(p,v) +AV(p,v) , and
G(p) =Go(p) + AG(p) , where {D,,V,,Go} are defined as the nominal but

unknown terms corresponding to inertia, Coriolis/centripetal effects, and gravity,
respectively, while {AD, AV, AG} denote the corresponding unknown uncertainties.

For simple formulation, the dynamic (2) can be expressed by

p=v

V= (Do (p) +AD) 't
= (Do (p) + AD) ' [ (Vo (p,p) + AV)v+ Go (p) + AG]
+ (Do (p) + AD)'d

A3)
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Furthermore, we can obtain

p=v A
0=Do'T — Dy Vov+ W, @

where W, = - Do (AVo +AG) —Ep(Ww+ @) +Epr+Epd,E,=D"'— Dy

For simple statement, we define that

01 :D6]V0,02=D(;1 (5)
which leads to
p=v
6
{T}CQTC1U+W4 ()

Based on (4) the following condition for perturbations |[W, (¢)|€ R is assumed to

be satisfied by:
Assumption 1. The lumped perturbation W, (t) is assumed to satisfy an admissible

upper bound composed of state-dependent and input-dependent components.
Wal < Aol +9(p,v) + X (7)

where A, and )\, are unknown positive constants. ©#(p,v) denotes an unknown,

continuous, and positive nonlinear function depending on the system statesp and v .

Remark 1. This assumption allows the perturbation term W, (¢) to vary with the
system states p , v and 7 . Therefore, it can cover unmodeled friction, non-

conservative forces, hydrodynamic uncertainty, and external disturbances. Compared
with fixed norm-bounded assumptions in (7), this form is more flexible for describing
nonlinear EL-system uncertainties.

2.2 Control Objective

Let the desired trajectory p,;(t) € R™ be smooth and have bounded derivatives. The
tracking error of the position variable is introduced as follows:

z1(t) =p(t) —p.(t) (®)

This work focuses on designing a robust adaptive neural-network-based control
input 7 (¢) to guarantee that the position state p(t) can follow the reference signal

py(t) despite the disturbance W, (t) and the absence of prior knowledge of system
parameters, subject to the following condition:
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lim|z, (1) = ¢ )

where p is a small residual bound proportional too .

2.3  RBF Neural Networks

Motivated by Assumptionl, an RBFNN-based approximation is introduced to
characterize the unknown nonlinear mapping ¥ (p,v) involved in (4). By choosing
Z = [p”,v"]" as the input of the network, the following approximation form is
adopted:

F(p,v) =W'h(Z) +e(2),

where W € R is the ideal but unknown weight vector and ¢ > 1 denotes the number
of radial basis neurons. The term €(Z) accounts for the approximation mismatch and
satisfies|e (Z)| < €, where € > O is an unknown upper bound.

The vector h(Z) = [k (Z),...,h,(Z)]" consists of Gaussian basis functions,
which are defined by

(Z—d)" (Z —da)

h(Z) = exp[ .

}’ 1:1327"'3Q7 (10)

in which d;, is defined as the center associated with the [ -th hidden neuron, while g,

is a positive parameter determining its width.

3 Robust Adaptive Control Synthesis for Uncertain
Second-Order Euler-Lagrange Systems

The controller is derived from a backstepping procedure under the Lyapunov
framework. At each design step, an appropriate Lyapunov function is constructed, and
the corresponding stabilizing signal is selected. Adaptive compensation terms are then
introduced to handle the unknown constants and nonlinear perturbations. In this way,
robust tracking can be achieved without requiring the exact matrices of the EL
system.

Stepl. Using the error variable introduced in (8), the corresponding first error
subsystem is expressed as:

a=uv(t) —p.(t) (11)

where p = v according to (6).
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In order to establish the stability of the first error subsystem described by (11), the
following positive definite Lyapunov candidate is adopted:

1
V] (t) — EZ]TZ]

and its derivative becomes
V](t) :*ZFK121+Z1T(K121+U*Z)‘1> (12)

where K, >0 is a positive definite gain matrix. It follows that V,<0

wheneverz, (t) # 0, which ensures the asymptotic convergence of z, (¢) to zero.

To render V, (t) =- 27 K,2,, a virtual control signal is introduced based on (12)

as:

a=-K,z+ py (13)

If v converges to o as t — 00, then V; () = - 27 K, 2, < O holds, and by Barbital’s
lemma, lim|z (¢)|=0 is guaranteed. Accordingly, the next step aims to
t— o0
drivelim (v(t) —a(t)) =0.
t— o0

Step2. Define the second error variable by comparing the actual velocity state with
the virtual control signal:

ze=v(t) —a(t) (14)
It can be implied from (12) and (13) we yield
22:*K1TK1z1+K122*ﬁd*01’l)+027'+wd (15)

Since the exact model matrices D,V and G are unavailable, to deal with the
lumped uncertain term, the following adaptive robust compensation law is introduced:

T(t) =C:' (-2 + Q4 Crv— Koz + )
(16)

_ 22 "\ 7T 3
U= |Z2HU(AT|T|+W h(®) + X))

The corresponding update laws for the unknown parameters and neural-network
weights are selected as follows:



Robust adaptive neural network-based backstepping tracking 7

dé'l B T 20", |2s|>0 1
dt |0 |zs| < o (an
dC2 Lo zem”, |2s| >0 8
0, | < o (18)
dW(t) Lwh(Z)|zs|, |22|>0 o
0, e (19)
vzl frel >0 20)

B 0 |Z2|§0'
dfj\d: Yalzel, 22| >0 @1

dt 0, |z2|§0-

where ¢ >0 is a small design constant, Q=- K2z, + K{ K,2,+ p, . The

quantities é’,, é’z, X,)}d , and W denote the online estimates of the unknown
constants Cy, Cs, A;, Az, and the neural network weight vector W , respectively, all of
which are updated via the adaptive laws given in (17)-(21). The matricesI'¢,, I'¢,, and
T, are symmetric positive-definite learning rate matrices, while -, >0 and

~q4 > Oare scalar adaptation gains.
Let

Ci(t) =C,(t) —Cy, Cu(t) =Cs(t) —Cs,
@) =A@ — A, M) = @) — )\,

And W:W(t) —W . Since C,,Cs,\;,\; and W are constant, the following

adaptive error systems can be obtained by:

dC,(t)  dC (1)  dC.(t)  dCs(t)

dat dt at  dt

A\ () _dh@®)  d@) _ du@) (22)
dt .’ dt dt

AW (t)  dw(t)
dt —  dt

For the second-order Euler—Lagrange system (6) with fully unavailable system
matrices D, V , and G , the stability of the resulting closed-loop system and the
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corresponding tracking performance under the proposed controller are established in
the theorem below.

Theorem I Consider system (6) under the perturbation condition given in Assumption
1. Under the implementation of the developed robust adaptive neural-network

tracking control law 7(#) and the associated adaptation mechanisms for C’l , ég, W,

5\7 , and by , the proposed controller ensures bounded behavior of the closed-loop

system, meaning that all involved signals are kept within finite bounds. In addition,
the two error states are finally driven into a small residual set containing the origin,
namely

lim |2, (t)| < o,and lim |2 (¢)| <
t— o0 t—r o0

where g is determined by the o -modification term and can be made small through

proper parameter selection.

Proof. The following Lyapunov candidate is selected to include the tracking errors,
the estimation errors of adaptive parameters, and the neural-network weight
estimation error:

1 1

‘/ Z VA + z Z + 1 (éi I (~!) + ll 1[‘(C1 I ]C )
2 1 <1 2 <2 2 1 c VY1 2 2 Cc, Ve

)\2

1 ~ ~
L
g tr(WITW) 2>\>‘ 2)\d

Substituting the control law 7 in (16) and the adaptive laws (17)-(21) into (23), and

considering the region where |25| > o, the time derivative of V satisfies

V§*leK.zlfzzTKzzz+22TClvfz2T027'+zzT\If

+2a Wy + *tr (C’l e 0’1) tr (é’gTPELOz)

+5 tr(WTrWW) T LY

2\, 2\,
<-2l Ko — 28 Kozo + 28 Cio— 28 Co (24)
e ® s - :
o (A7l +WTh(Z) + M)

1 - -
Haal |7 + WTh(Z) +Ag) + étr<ClTI‘§,C’1>

+yr(CITAC) + g (IIW) 4 g N g A



Robust adaptive neural network-based backstepping tracking 9

Then, we can obtain

olzel(A |7l + WTh(2) +A,)
|22|+ g

+tr <C’1T (zsz + Falé'l>> + tr (é’gT <fz27'T + 1"’0126;’2>>

V§*21TK1Z1*22TK222+

Jealclrl ~lealu + tr (W7 (~h(@)Jze] + T ) ) (25)
1. : 1. =
+ =X+ — AN
’77’ fyd
<-2l'Kiz,— 28 Kozs + J(;\TlTl +WTh(Z) + ;\d)
Furthermore,
V==X (KDl * + A(0), (26)
where
i (K) = min{ A (K1), A (K2)} and A () = o (A7) + WTh(Z) + X,).-
Clearly, when|z| >/ A(0) /A (K) , we haveV < O . This implies that the error

vector z(t) will be eventually driven into the compact region defined as follows:

Q.= {zE]Rz"|z| <«//\jn(&2,)}. (27)

Consequently, the following conclusion can be drawn

}im|z1 (t)| < 0,and lim |2, ()| < o, (28)
— 00 t— o0

where o is a small constant proportional to o .

4 A Simulation Example

Following the USV model in [30], a three-degree-of-freedom unmanned surface
vehicle is employed as the simulation plant in this section. Its kinematic and dynamic
equations are written as

{PJ(fb)v,

v=M"'t1— M "'((C(v),D(W))v) + M 'd @9)
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where p: = (z,7,7) denotes the position and heading vector in the earth-fixed
frame, and v: = (v,,v,,v,) represents the velocity vector expressed in the body-

fixed frame. The inertia, Coriolis/centripetal, and damping matrices are supposed to
contain nominal parts and uncertain perturbations, namely M = M,+ AM ,

C=Cy+AC,and

D=D,+ AD. Here, My, Co, and D, are the unknown nominal model matrices,
while AM, AC, and AD describe the corresponding modeling errors and parameter
variations. The vector d stands for unknown external disturbances, and 7 is the

control input. The kinematic transformation from the body-fixed frame to the earth-
fixed frame is governed by the rotation matrix J (¢)), defined as follows:

cos(y) —sin(y) O

J() = | sin(¥) cos(y) 0|
0 0 1

Considering the practical operating environment, owing to modeling errors and
variations in system parameters, the practical dynamic parameters of the USV
generally cannot exactly match the nominal ones. Consequently, the dynamic model
in (4) can be reformulated as

p=J(p)v
0= Ms'T — Ms' (Co(v) + Do (v))v+ W,
where
W,=-Ms (AD+ AC)v—Ey(C+D)v+Eyr+M'd,
Ey= (Mo+AM)" — M,.

For notational brevity, define
C] — Mal (Co + DO),CZ — M(;]

which leads to

(30)

{PJ(lb)v
1‘):027-*01'0+Wd

In the simulations, M, , Co and D, are the unknown and constant nominal

matrices of inertia, Coriolis and centripetal and the hydrodynamic damping
parameter. Parameter uncertainties are introduced as 20% deviations from the

nominal values (i.e., AM=0.2M,, AC=0.2C,,AD=0.2D, ). Additionally,

time-varying external disturbances are injected into the system as
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d(t) = [0.5sin(t),-0.1cos(t),0.1]" to test the robustness. A circular path is

adopted as the reference

T
trajectory: p,(t) = {5cos (0.2t),5sin(0.2¢),0.2¢ + ;] , with initial states

T
aligned atp(O) — [5’0’ %} ]

The parameters used in the control design are set to K;=diag[6]
and K, = diag[27]. The RBF neural network is constructed with 50 nodes, where the
centers are randomly distributed in the space [-10,10] X [-2,2] and the width is
set to 3.0. The adaptive learning rates are chosen asI'y, =7.07, [I"m ,FCZ] =10",
and [v,,7.] =10"% . A critical parameter for the proposed o -modification

mechanism is set to o = 0.35 to eliminate chattering phenomenon.

The effectiveness of the proposed control strategy is demonstrated through the
simulation results shown in Figs. 1-7. As depicted in Fig. 1, the USV can follow the
given circular reference trajectory with good tracking precision. Figs. 2 and 3
respectively illustrate the temporal evolution of the position states z,y,1 and the

velocity states v,,v,,v, . The actual trajectories are almost consistent with reference

signals over the entire simulation interval.

The control signals, including the surge force and yaw moment, are plotted in Fig.
4. Their smooth profiles indicate that the proposed controller can avoid severe
chattering while maintaining effective tracking performance. Figs. 5 and 6 further

show the evolution of the adaptive estimates 01 , 02 , 5\7 , and 5\d , all of which remain
bounded and converge to stable ranges. Specifically, . is used to handle the input-
related uncertainty, whereas A contributes to disturbance compensation. Finally, Fig.

7 presents the norm of the neural-network weight estimate w , which verifies that the
online learning parameters are well bounded.

5 Conclusion

In this study, a robust adaptive control method incorporating neural-network
approximation and backstepping design was established for second-order Euler—
Lagrange systems influenced by unknown parameters and external disturbances. By
incorporating RBF neural-network approximation with adaptive backstepping and
sigma-modified updating laws, the controller provides high tracking accuracy while
avoiding nonsmooth control behavior. The Lyapunov-based proof shows that every
signal generated by the closed-loop system remains within finite bounds, and the
tracking errors are eventually restricted to a small residual set. The simulation results
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for an underactuated USV further demonstrate the effectiveness of the method in
terms of robustness, tracking precision, and chattering reduction.

Future studies will consider the extension of this control framework to distributed
multi-agent cooperative control and output-feedback scenarios where full-state
measurements are not available.

Acknowledgments. Partial funding for this research was provided by the National Natural
Science Foundation of China under Grant Nos. 62573247 and 62173193.
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